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We perform an analytic calculation of thermoelectric transport coefficients for massless Dirac electrons
using the approach based on the Kubo–Strˇeda formula and generalized Mott’s relation. The main focus of
the letter is made on the properties of the Nernst coefficient in the vicinity of the Dirac point in quantum
limit. We calculate magnetic field and temperature dependencies of the Nernst coefficient and compare
our results with recent experiments in α-(BEDT-TTF)2I3 organic conductor. We argue that the Zeeman
splitting is important to understand the experimental data at high magnetic fields.
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Unusual thermoelectric properties of graphene have
attracted considerable interest. In graphene conducting
electrons can be described by a Weyl equation that in
quantizing magnetic field leads to relativistic Landau lev-
els with energies ±~ωc
√
n (n = 0, 1, . . .) with ωc and ~
being the cyclotron frequency and Plank’s constant re-
spectively. The important difference of relativistic Lan-
dau levels from the non-relativistic case is the existence of
n = 0 level with zero energy. In quantizing magnetic field,
when the chemical potential is close to n = 0 Landau
level, Seebeck and Nernst coefficients show an anoma-
lous behaviour.1, 2
Massless Dirac fermions were also experimentally
found in α-(BEDT-TTF)2I3 organic conductor under
pressure.3, 4 Tight binding model5, 6 and band structure
calculations7, 8 revealed the existence of the Dirac point
in this material with conducting electrons obeying the
tilted Weyl equation. Recently, an anomalously large
Nernst signal was reported in this system at high mag-
netic fields..9
Recently, the Nernst effect was intensively studied for
massless Dirac fermions in graphene10–12 and on the sur-
face of a topological insulator..13 Various theoretical ap-
proaches showed that the Nernst coefficient is greatly
enhanced and can considerably exceed the Seebeck coef-
ficient when the chemical potential is close to the Dirac
point.10–12 This behaviour is sharply contrasted from the
case with finite chemical potential in which the behaviour
of the the transport coefficients is consistent with previ-
ous theoretical predictions for the non-relativistic two-
dimensional electron gas.14, 15
From a theoretical viewpoint the calculation of the
Nernst coefficient is a rather challenging problem since
the standard linear response approach, based on the
Kubo formula, gives unphysical divergence at zero tem-
perature. Corrections arising from the thermal magneti-
zation should be taken into account.16, 17 Now it is well
established that for the case of non-interacting electrons
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the thermopower tensor satisfies the generalized Mott’s
relation16, 17
S =
σ−1(T, µ)
eT
∫ ∞
−∞
dǫf ′ (ǫ) (ǫ− µ)σ(0, ǫ). (1)
where T is temperature, e > 0 is an electron charge, µ
is chemical potential, σ is conductivity tensor, f(ǫ) =
{1 + exp [(ǫ− µ) /kBT ]}−1 is Fermi–Dirac distribution
function, f
′
denotes the derivative with respect to ǫ, and
kB is Boltzmann constant. The important property of
the Mott’s formula is that, to calculate the thermopower
tensor, one only needs to know the conductivity at T = 0
as a function of µ, σ(0, µ).
The present letter is mainly devoted to the properties
of the Nernst coefficient of massless Dirac fermions in the
vicinity of the Dirac point in quantum limit where the
distance between Landau levels is greater than tempera-
ture and impurity broadening. For this purpose we per-
form an analytic calculation of thermoelectric coefficients
using the Kubo–Strˇeda formula for conductivity and gen-
eralized Mott’s relation. We ignore the possible tilting
of the Dirac cone and consider a simple case of energy-
independent damping Γ due to the impurity scattering.
In the limiting case when Γ is much less than kBT and
~ωc, we obtain an analytical expressions for Seebeck and
Nernst coefficients. We show that the magnetic field de-
pendence of the Nernst coefficient in the presence of the
Zeeman splitting is different in Γ ≪ kBT and Γ > kBT
regimes.
In order to obtain the conductivity, σ(T, µ), we con-
sider a system of free massless Dirac electrons confined
to a two-dimensional (x, y)-plane moving in a magnetic
field B perpendicular to the plane. The model Hamilto-
nian is given by
H = −vF
∑
i=x,y
σi [−i~∂i + eAi(r)] (2)
where vF is Fermi velocity, σi is Pauli matrix, ∂i de-
notes a derivative with respect to i = x, y, and A(r) =
1
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(−By, 0, 0) is a magnetic vector potential in the Landau
gauge.
The solution of the eigenvalue problem for the Hamil-
tonian (2) leads to relativistic Landau levels Enα =
α~ωc
√
n (n = 0, 1, . . .) where α = ±1 is the band index
and the cyclotron frequency is given by ωc =
√
2vF /lB
with lB =
√
~/eB being the magnetic length. The cor-
responding eigenfunctions are
ψk0(x, y) =
eikx√
lBL
(
0
φ0
(
y
lB
− klB
) )
(3)
and
ψknα(x, y) =
eikx√
2lBL

 φn−1
(
y
lB
− klB
)
αφn
(
y
lB
− klB
)

 (4)
for n = 1, 2, . . ., where φn are the eigenfunctions of a har-
monic oscillator. We imply periodic boundary conditions
in the x-direction with L and k being the system size in
the x-direction and the wave number respectively.
For non-interacting electrons the conductivity can be
calculated using the Kubo–Strˇeda formula18
σij =
ie2~
2π
∫ ∞
−∞
dǫf(ǫ)
× Tr
[
vi
dG+(ǫ)
dǫ
vjA(ǫ)− viA(ǫ)vj dG
−(ǫ)
dǫ
]
(5)
where Green functions are defined by G±(ǫ) =
(ǫ−H ± iδ)−1, A = i(G+ −G−), and v = (i/~) [H, r] is
the velocity operator. Calculating the trace with eigen-
function (3) and (4) we obtain the following expressions
for the diagonal and off-diagonal parts of the conductiv-
ity
σxx = −e
3v2FB
16π2
∑
αα′
∞∑
n=0
∫ ∞
−∞
dǫf ′(ǫ)An+1α(ǫ)Anα′(ǫ),
(6)
σxy =
e3v2FB
8π2
∑
αα′
∞∑
n=0
∫ ∞
−∞
dǫf(ǫ)
×
[
dReGn+1α(ǫ)
dǫ
Anα′(ǫ)−An+1α(ǫ)dReGnα
′(ǫ)
dǫ
]
(7)
where
ReGnα(ǫ) =
ǫ− Enα
(ǫ− Enα)2 + Γ2
, (8)
Anα(ǫ) =
2Γ
(ǫ− Enα)2 + Γ2
. (9)
Here, in order to take into account the impurity scatter-
ing, we introduce a damping parameter Γ.
In the low field limit ~ωc ≪ kBT , we can replace the
summation over Landau levels in Eqs. (6) and (7) by an
integration over continuous variable E. After performing
the integration over E and using the Mott’s relation (1),
in the leading order in magnetic field, we obtain longitu-
dinal and transversal components of the thermopower in
terms of universal functions of ~ωc/Γ, kBT/Γ, and µ/Γ
Sxx = −kB
e
K˜0xx
K0xx
, (10)
Sxy =
kB
e
(
~ωc
2Γ
)2 K0xxK˜0xy −K0xyK˜0xx
(K0xx)
2 (11)
where
K0ij =
∫ ∞
−∞
dx
cosh2 12x
Φij
(
kBT
Γ
x+
µ
Γ
)
, (12)
K˜0ij =
∫ ∞
−∞
dx
x
cosh2 12x
Φij
(
kBT
Γ
x+
µ
Γ
)
. (13)
These formulae are in an agreement with the results ob-
tained previously using slightly different approaches.10, 12
The universal functions Φij are the same as obtained pre-
viously for the case of longitudinal and Hall conductivi-
ties calculations19–21
Φxx(x) = 1 +
(
x+
1
x
)
tan−1 x, (14)
Φxy(x) =
1
x
(
8x2
3(1 + x2)2
+
1 + x2
x
tan−1 x− 1− x
2
1 + x2
)
.
(15)
From the Eqs. (14) and (15), using the expansion Φxx ≈
2, Φxy ≈ 16x/3 (x ≪ 1) and Φxx ≈ (π/2)|x|, Φxy ≈
(π/2) sgnx (x≫ 1), the following asymptotic behaviour
for the Nernst coefficient at µ = 0 can be obtained:10, 12
Sxy =
2π2k2BT (~ωc)
2
9eΓ3
, for kBT ≪ Γ. (16)
and
Sxy =
(~ωc)
2
4eΓT
, for kBT ≫ Γ. (17)
On the other hand, in the quantum limit where Landau
levels are well separated ~ωc ≫ max{kBT,Γ}, one needs
to evaluate Eqs. (6) and (7) numerically, except for the
case when Γ ≪ kBT . In this case one can approximate
the Lorentzian in Eq. (9) by a δ-function. Applying this
approximation to Eqs. (6) and (7) and using the Mott’s
formula (1) we obtain the following analytic results for
thermoelectric coefficients
Sxx = −kB
e
KxyK˜xy − (Γ/kBT )2KxxK˜xx
K2xy + (Γ/kBT )
2
K2xx
, (18)
Sxy =
Γ
eT
KxxK˜xy +KxyK˜xx
K2xy + (Γ/kBT )
2
K2xx
(19)
where functions of εnα = Enα/(2kBT ) and x =
µ/(2kBT ) are introduced
Kxx =
1
4
sech2 x +
1
2
∞∑
n=1
∑
α
n sech2 (x− εnα) , (20)
K˜xx =
1
2
x
cosh2 x
+
∞∑
n=1
∑
α
n (x− εnα)
cosh2 (x− εnα)
, (21)
2
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Fig. 1. Magnetic field dependence of the Nernst coefficient at
µ = 0 for T = 1.5 K, vF = 0.5× 10
5 m/s, and Γ/kB = 3.75 K for
different values of g-factor.
Kxy =
1
2
tanh x+
1
4
∞∑
n=1
∑
α
sinh 2x
cosh (x− εnα) cosh (x + εnα) ,
(22)
K˜xy = ϕ (x) +
∞∑
n=1
∑
α
ϕ (x− εnα) , (23)
and ϕ(z) = log (2 cosh z) − z tanh z. The corrections
to Kxy due to the impurity scattering are of order
Γ/ (~ωc),
22 and can be omitted.
In is important that, Eqs. (18) and (19) interpolate two
typical cases: (I) when µ is away from the Dirac point
and (II) when µ is close to the Dirac point (µ ≈ 0). In
the former case, one can safely neglect the terms of order
(Γ/kBT )
2, and obtain the results similar to the case of
non-relativistic two-dimensional electron gas14, 15
Sxx = −kB
e
K˜xy
Kxy
, (24)
Sxy =
Γ
eT
KxxK˜xy +KxyK˜xx
K2xy
. (25)
Here the thermopower has a sequence of peaks near the
Landau levels. At low temperatures at each Landau level
Sxx has a universal value − sgnn(kB/e) log 2/n, while
the Nernst coefficient in this region is small in compari-
son with Sxx.
In the latter case (µ ≈ 0), the behaviour of the thermo-
electric coefficients changes significantly since Kxy van-
ishes in the vicinity of n = 0 Landau level. As a result,
the Nernst coefficient has a large peak at µ = 0 with the
value given by
Sxy =
k2BT
eΓ
K˜xy
Kxx
. (26)
At low T the peak saturates at the value 4k2BT log 2/(eΓ),
while Sxx vanishes. In this region, for non-zero but small
µ, the Nernst coefficient can considerably exceed the See-
beck coefficient.
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Fig. 2. Magnetic field dependence of the Nernst coefficient at
µ = 0 for T = 1.5 K, vF = 0.5× 10
5 m/s, and g = 2 for different
values of Γ/(kBT ).
In order to describe the behaviour of the thermo-
electric coefficients in high magnetic fields we also take
into account Zeeman splitting of Landau levels Enα →
Enα ± ∆ where ∆ = (1/2)gµBB, µB and g are the
Bohr magneton and g-factor respectively. In magnetic
field up to 10 T the Zeeman splitting is small com-
pared with ~ωc. For vF = 0.5 × 105 m/s, g = 2, and
B = 1 T the ratio ∆/~ωc ≈ 0.03. The resulting magnetic
field dependencies of the Nernst coefficient at µ = 0 for
T = 1.5 K and vF = 0.5× 105 m/s, and Γ/kB = 3.75 K
for different values of g are shown in Fig. 1. To obtain
Fig. 1 we perform the numerical summation over Lan-
dau levels in Eqs. (6), (7) and use the Mott’s formula
(1). The value Γ/kB = 3.75 K is chosen similar to that
evaluated previously from the magnetoresistance calcu-
lations for α-(BEDT-TTF)2I3 ..
23 In high magnetic field
~ωc ≫ kBT , the Nernst coefficient in the case without
Zeeman splitting (g = 0) saturates as qualitatively pre-
dicted by Eq. (26). This saturating behaviour changes to
a decay when Zeeman splitting becomes the same order
as temperature and impurity broadening. In low mag-
netic field the asymptotic behaviour of Sxy is described
by Eqs. (16) and (17).
The magnetic field dependence of the Nernst coeffi-
cient in the presence of Zeeman splitting is different in
the (a) Γ ≪ kBT and (b) Γ > kBT limits which re-
flects the different mechanisms of Landau level broaden-
ing. Figure 2 shows the magnetic field dependence of the
Nernst coefficient for several values of Γ/(kBT ). In the
case (b) with large Γ/(kBT ) (dot-dash line in Fig. 2),
Sxy decreases monotonically except for the very vicinity
of B = 0. In contrast, in the case (a) with small Γ/(kBT )
(solid line in Fig. 2), there is a region in which Sxy in-
creases. In this case the increase the Nernst coefficient is
understood from Eqs. (20), (23), and (26). Actually, the
asymptotic behaviour for large ∆/(kBT ) is given by
3
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(b)  kBT
0
  impurity
  temperature 
(a)  kBT
Fig. 3. The difference between the Landau level broadening in
(a) Γ < kBT and (b) Γ > kBT case. The impurity (solid)
and temperature (dashed) broadenings are given by Lorentzian
Γ2/
[
(µ ±∆)2 + Γ2
]
and sech2 [(µ±∆)/2kBT ] respectively.
Sxy =
k2BT
eΓ
[
1 +
∆
kBT
+
(
3
2
+
∆
kBT
)
e−∆/(kBT )
]
+O(e−2∆/(kBT )). (27)
However, the Nernst coefficient starts to decrease in the
large B region. This is understood as follows. For suffi-
ciently large ∆ the impurity broadening at µ = 0, given
by Lorentzian, becomes dominant over the temperature
broadening which has exponential decay, as illustrated
in Fig. 3 (a). This effect causes the decay of the Nernst
coefficient in the large B region where the contribution
at µ = 0 comes from the overlap of the split n = 0 Lan-
dau level. In case (b), the impurity broadening is always
dominant over temperature broadening, as illustrated in
Fig. 3 (b), and behaviour of the Nernst coefficient is sim-
ilar to that shown in Fig. 1 and by dash-dot line in Fig. 2.
The temperature dependence of the Nernst coefficient
at µ = 0 for vF = 0.5 × 105 m/s, Γ/kB = 3.75 K, and
g = 2, calculated from Eqs. (1), (6) and(7), is shown
in Fig. 4 for several values of magnetic field. For large
magnetic fields, Sxy shows activation behaviour at low
temperature due to the Zeeman splitting of n = 0 Lan-
dau level, while for small B the temperature dependence
at low temperature is approximately linear as predicted
by Eq. (26). The position of the peak corresponds to the
temperature when different Landau levels start to over-
lap which separates the quantum limit (~ωc ≫ kBT )
from the low field limit (~ωc ≪ kBT ). In the latter case
the asymptotic behaviour at high temperatures is given
by Eq. (17).
In summary, we have calculated longitudinal and
transverse components of the thermopower in quantum
limit. For the Nernst coefficient we have calculated the
magnetic field and temperature dependencies at µ = 0.
These results with the Zeeman term are qualitatively
consistent with the recent experiments in α-(BEDT-
TTF)2I3 organic conductor,
9 although there are some
quantitative discrepancies. First, for the g-factor of g = 2
1 10 100
0.0
0.5
1.0
1.5
 20 T
 10 T
   5 T
   1 T
S
xy
 [m
V/
K]
T [K]
Fig. 4. Temperature dependence of the Nernst coefficient at µ =
0 for vF = 0.5 × 10
5 m/s and Γ/kB = 3.75 K for different values
of magnetic field B.
the decay rate of Sxy in Fig. 1 as a function of the mag-
netic field is about a factor 2 smaller than that of ex-
periment. To reproduce the experimental decay rate in
our theory, we need to assume g ≈ 6, which is similar
to the effective g-factor discussed in Ref.24 Second, the
positions of the peaks on the temperature dependencies
shown in Fig. 4 are shifted to higher temperatures than
in the experiment. The origin of this shift, as pointed out
in Ref.,25 may arise from magnetic field dependence of
Γ due to the presence of charged impurities.19, 22 In or-
der to achieve better agreement between the theory and
experiments in α-(BEDT-TTF)2I3, it will be necessary
to take into account the tilting of the Dirac cone and
to use more realistic model for impurity scattering. This
remains as a future problem.
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